The quantum mechanical position operators, and their products, are not well-defined in systems obeying periodic boundary conditions. Here we extend the work of Resta [1] , who developed a formalism to calculate the electronic polarization as an expectation value of a many-body operator, to include higher multipole moments, e.g., quadrupole and octupole. We define n-th order multipole operators whose expectation values can be used to calculate the n-th multipole moment when all of the lower moments are vanishing (modulo a quantum). We show that changes in our operators are tied to flows of n − 1-st multipole currents, and encode the adiabatic evolution of the system in the presence of an n − 1-st gradient of the electric field. Finally, we test our operators on a set of tightbinding models to show that they correctly determine the phase diagrams of topological quadrupole and octupole models, capture an adiabatic quadrupole pump, and distinguish a bulk quadrupole moment from other mechanisms that generate corner charges.
The modern theory of electric polarization in crystals has had a wide-ranging impact over the past 25 years [2] [3] [4] [5] [6] [7] . Aspects of the theory are not only useful for predictions of observable properties of real materials, but are tightly connected to a variety of topological insulator phenomena. For example, insulating crystals having a symmetry that would naively forbid the existence of a dipole moment, may instead have non-vanishing, but quantized, polarization if they are in a topological insulator phase [8] [9] [10] [11] . Furthermore, by tracking changes in polarization in an adiabatic cycle, one can observe quantized charge pumping characterized by a Chern number topological invariant [12] . More recently, the theory of quantized electronic polarization in topological insulators was extended to account for higher electric multipole moments [13, 14] . Therein it was shown that two and three dimensional, non-interacting topological crystalline phases of matter can support quantized electric quadrupole or octupole moments.
The electric polarization is calculated by the Berry phase of the electronic energy bands over noncontractible cycles in the Brillouin zone [2, 3] . Similarly, Ref. 13 adapts this Berry phase formalism to describe the hierarchy of electric multipole moments. While the Berry phase calculations for higher multipole moments can also be used on non-topological insulators with moments outside the quantized regime, the formulae are not directly applicable to many-body interacting systems. For polarization, one can consider the Berry phase of a many-body ground state parameterized by twisted periodic boundary conditions [5, 15] , but it is not obvious how this approach can be practically extended to the nested Berry phase (Wilson loop) approach to calculating higher multipole moments.
In this letter we instead provide a formulation of the quadrupole and octupole moments in terms of groundstate expectation values of many-body operators, analogous to Resta's formulation of the charge polarization [1] . We define many-body multipole operators, and discuss the connection between these operators and the flow of adiabatic multipole currents. In addition, we test our operators for several explicit model systems. We show that our formulae precisely capture the phase diagrams of the quadrupole and octupole models from Ref. 13 . Furthermore, we use our formula to track the changes in quadrupole moment during the higher order pumping process in Ref. 14, and we show that the results match the expected phenomena exactly. As an important comparison, we go on to test our formula on a model with corner charges but no bulk quadrupole moment. We show that our operator does not detect any difference between the phases of this model with and without corner charges, as we expect since there is no change in the bulk quadrupole moment, despite the presence of corner charges.
Let us begin by recounting the calculation of the electric polarization using a many-body expectation value [1] . Consider a translationally invariant, crystalline insulator with periodic boundary conditions. It is well known that the many-body position operatorX = nx n , (n = 1, . . . N e ) cannot be naively used in the calculation of the electric polarization in extended (and/or periodic) systems. In such systems the operator is not well-defined because it can transform a state in the Hilbert space to a state outside the Hilbert space, e.g., it can take a normalizable state to a non-normalizable state, or one obeying periodic boundary conditions to one that violates the boundary conditions. Instead, the operator
can be employed in calculations of the polarization of a many-body ground state |Φ 0 , i.e., volume of the system. SinceÛ j shifts the many-body momentum of |Φ 0 by an amount that vanishes as L j → ∞, this formula is only strictly true in the thermodynamic limit. For a non-degenerate, insulating ground state one findsÛ j |Φ 0 = e iγj |Φ 0 + O(1/L j ) as the thermodynamic limit is approached [1] , i.e., |Φ 0 becomes an eigenstate of U j in the thermodynamic limit [19] (we recount this result briefly below) with a polarization given by P j = eγj 2π Lj V . The polarization has an ambiguity from the choice of the branch of the log, often referred to as the quantum of polarization, i.e., γ j ≡ γ j + 2πn.
Following this line of reasoning we can consider higher electric multipole moments such as the quadrupoleq ij = 
where N a is the number of unit cells in the a-th lattice direction. The bulk moments are then defined as
where we have left the crucial step of taking the thermodynamic limit implicit in these formulas. For the majority of this article we will direct our focus to the quadrupole operator, and the octupole case can be studied essentially mutatis mutandis. To confirm that our definition of the quadrupole moment matches the expected physical observables we will generalize the arguments from Ref. 1 . Consider a generic many-body Hamiltonian
Let us focus on the unitary transformationÛ λ (α) = exp iαλ(X) that acts on each momentum operator aŝ
Now we define H(α) =Û λ (α)HÛ † λ (α), noting that the difference between H(0) and H(α) is the presence of an electromagnetic vector potential acting on each electron, e.g., A
i (x n ) = − α e ∂λ(X) ∂x i n for the n-th electron. Assuming that the ground state of H(0), |Ψ 0 , is always non-degenerate, then the relation
Let us take the particular case where λ(X) =X 1 , which will allow us to reproduce Resta's argument. This generates the constant vector potential
To have UX 1 (α)|Ψ 0 satisfy periodic boundary conditions, we can choose α = 2π/L 1 . When approaching the thermodynamic limit, L 1 is large and we can treat α as a small parameter. Thus we can treat UX 1 (2π/L 1 )|Ψ 0 , which is an eigenstate of H(2π/L 1 ), as a perturbed version of the initial ground state |Ψ 0 , and hence we can expand UX 1 (2π/L 1 )|Ψ 0 in terms of the eigenstates of H(0). The perturbation term in the Hamiltonian is H = − 2π mLx N elec n=1p 1 n , and the leading order correction to the unperturbed ground state yields
where |Ψ j are the excited states of H(0) with energies E j , andP i is the many-body momentum operator of all the electrons. In addition to the usual form, we have allowed for a phase factor γ p1 [1] which determines the 1-component of the electric polarization. As we stated earlier, we now see explicitly that in the thermodynamic limit UX 1 (2π/L 1 )|Ψ 0 = e iγp1 |Ψ 0 . To connect to the physical polarization we can show that the time-derivative of our polarization definition matches the physically expected result of an electric current. Indeed Ref. 1 shows from the perturbation theory calculation above that in 1D
which is the adiabatic electric charge current [12] . Now consider the quadrupole momentQ 12 . We will consider a unitary transformationÛ λ (α) with λ(X) =
Using the same arguments as the case for polarization, we can use perturbation theory to calculate
n /m is like the time derivative of the dipole operator, while the time derivative of the quadrupole operator
n ), hence our notion of a dipole current operator. From this result we can further calculate
which relates the time derivative of our definition of the quadrupole to a dipole-current as we would physically expect.
For an intuitive understanding we can characterize the action of our operators in the language of adiabatic evolution. The action ofÛX 1 (2π/L 1 ) on a state can be treated as adiabatic evolution from a system with a vanishing vector potential to one with A 1 = −h/eL 1 . The process can be accomplished through a time-dependent vector potential of the form
, and which is 0 for t < 0, and −h/eL 1 for t > T. The process inserts one magnetic flux quantum into the periodic cycle in the 1-direction. From the Faraday effect, this is equivalent to turning on a uniform electric field in the 1-direction during the time interval t ∈ [0, T ] We are interested in the evolution of the non-degenerate ground-state of a gapped, neutral insulator, and so the presence of the uniform electric field will only activate the additional phase factor
d · E dt in the adiabatic limit, where d is the total dipole moment of the material. Besides the weak, time-varying vector potential, we assume the insulator is otherwise static so that d is time-independent. Hence, we find the phase (c.f. Eq. 8)
which exactly produces the right value of
The essential idea in the previous paragraph is that, to detect a polarization in the material, we adiabatically turn on a small electric field and track how the phase of the ground state responds during this process. For the quadrupole, instead of turning on a uniform electric field, we turn on a uniform electric field gradient. The quadrupolar operator UQ 12 (2π/L 1 L 2 ) can be interpreted as adiabatically evolving our ground state from a vanishing vector potential at t = 0 to the vector potential
This process can be carried out using a time-dependent vector potential
where σ 12 = σ 21 = 1, σ 11 = σ 22 = 0, and T is large. This vector potential represents a constant electric field gradient. Thus, a natural way to interpret the proposed quadrupole operator is as an evolution process where a small, uniform electric field gradient is turned on for a finite amount of time. During this time, the ground state will develop the phase factor γ q12 shown in Eq. 10, in the thermodynamic limit. Since we are applying the electric field gradient in a neutral, unpolarized insulator, and the Q 12 quadrupole moment couples to an electric field gradient
, its contribution to the phase will
. We assume that the quadrupole moment of our system is static so we can simplify this expression to
which confirms our operator definition of the quadrupole moment.
After having shown thatÛ Q ab can be used to determine dipole currents in the bulk, and that it has a physical interpretation via adiabatic evolution in an electric field gradient, we now turn to the practical evaluation of the expectation value of this operator. To show thatÛ is non-vanishing only whenÛ j transforms in the trivial representation of the translation group. Assuming translation invariance, the ground state |Φ 0 is an eigenstate of the translation operator carrying many-body momentum K. We find
where we translated all the electrons in the c-th primitive direction usingT ac , and assumed |Φ 0 is an eigenstate of the total number operator. We see that if n 0a = N e /N a is an integer for N a unit cells in the a-th direction, then the expectation value does not have to vanish. We can relax n 0a to be rational with a suitable modification of U a [16] .
Repeating for the quadrupole we find
where n 0ab = N e /N a N b , is assumed to be an integer, and we have applied the results of Ref.
Hence, in the thermodynamic limit we find the relation
ab must therefore vanish unless Γ = 2πp for some integer p. Thus, the expectation value ofÛ Q ab is not invariant under a translation, even if we specify that the planar filling factor n 0ab is an integer (or rational fraction for suitably generalizedÛ Q ab [16] ). Even applying the constraint that the polarization vanishes (Γ = 2πp) will not fix the issue in finite-sized systems due to the non-vanishing fluctuations of the dipole moment; alternatively, the non-vanishing correlation length controlled by the insulating gap that determines the Wannier function localization length. In a zero-correlation length limit, where Wannier functions are point-localized, the operator is well-defined as long as the polarization vanishes, but to evaluate the expectation value more generally we must be more careful. [20] In this work we replace the quadrupole operator by an approximation: we evaluateÛ Q ab on a finite supercell of size L x × L y , and truncate it at the boundaries, so that the truncated operator repeats periodically outside the supercell. The error introduced by this approximation depends on the size of the supercell we use, but improves as the ratio of the correlation/localization length and the characteristic length of the supercell goes to zero. We will leave a systematic study of this approximation and alternatives to future work. Now we provide some examples in which we calculate the multipole moments using our operators in tightbinding models. We will be focused on the insulating phases of a particular tightbinding model [13, 14] on a square lattice with four degrees of freedom per unit cell, which, for simplicity, we will treat as spinless orbitals (we also provide calculations for a related octupole model [13] , and in the Supplement we provide calculations for another tightbinding model with a nonvanishing quadrupole moment [17] ). The unit cell basis and tunneling terms are illustrated in Fig. 1 , and the Bloch Hamiltonian for a system with periodic boundary conditions is given by
where Γ x (k x ) = γ x + λ x e ikx , Γ y (k y ) = γ y + λ y e iky , δ, γ x/y , λ x/y are real parameters representing onsite energies, intra-cell tunneling, and inter-cell tunneling respectively, and Φ is the flux in each (intra-and inter-cell) plaquette in our chosen gauge.
This model can be tuned to a variety of insulator phases, and we will consider several test cases. For case (ii) we consider a variation of the quadrupole phase protected by C 4 symmetry where we tune γ x = γ y ≡ γ, λ x = λ y ≡ λ and allow for Φ ∈ [0, π]. At Φ = 0 the model is gapless at half filling, but for any finite Φ in this interval we expect to find a quantized quadrupole of Q xy = e/2 when |λ| > |γ|. We show this calculation in the extended planes along the diagonals of the phase diagram in Fig. 2a , and find that our operator correctly reproduces the phase diagram.
For case (iii) we consider the adiabatic dipole pumping process introduced in Refs. 13, 14 for the C 4 symmetric case where the quadrupole moment is continuously tuned from the topological phase where Q xy = e/2 to the trivial phase where Q xy = 0. We can parameterize this pumping process by λ = 1, δ → − sin(θ(t)), and γ = 1/2(1 − cos(θ(t))). We show the result in Fig. 2b in which we plot the result of our operator compared to calculations of the corner charge (for an open, square geometry) and the edge polarization on a cylinder, and we find they all match exactly as expected for a continuously varying bulk quadrupole moment Q xy .
Finally, for case (iv) we tune the system to Φ = δ = 0. This model has M x and M y mirror symmetries so we expect the quadrupole moment to be quantized, though that does not mean it takes the non-trivial topological value. Indeed this model is not expected to have a bulk quadrupole moment despite having insulating phases with fractional e/2 corner charge, since this charge is associated with edge polarization rather than a bulk moment. Here we show a phase diagram for fixed λ y where we vary λ x and γ y . We show that our formula, while yielding a quantized value for Q xy , does not distinguish between the insulating phases with and without fractional corner charge. This is a clear and important indication that our invariant is only sensitive to the bulk quadrupole moment, and is not just testing for the possible existence of corner charge alone.
Finally in case (v) (Fig. 2d) we show a calculation for the octupole moment in the phase diagram of the octupole model of Ref. 13 where we have fixed the intercell hopping λ and varied the intra-cell hoppings γ x,y,z in the interval [0, 2] . We see that the phase diagram matches the expected result with a topological octupole moment O xyz = e/2 when |γ i /λ| < 1 for all i.
In conclusion, we have proposed definitions for manybody operators whose expectation values determine the quadrupole and octupole moments of insulators. We showed that the change in quadrupole moment corresponds to dipole currents in the material. We proposed a method to evaluate the quadrupole; however, the method is not entirely satisfactory because it suffers from significant finite size errors related to the fluctuations of the dipole moment, even when the total dipole moment is vanishing. However, we showed that on several nontrivial tightbinding models the operators do indeed capture the bulk properties, and can be used to evaluate topological indices. The operator can be evaluated using manybody wave functions as well as using tightbinding wave functions, so it can be used to generate new many-body topological indices for systems with interactions and/or disorder.
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We thank Jahan Claes, Matthew Foulkes, and Gerardo Ortiz for useful conversations. LKW would like to thank the Simons Foundation Collaboration on the many electron problem for support. TLH thanks the US National Science Foundation under grant DMR 1351895-CAR, and the MRSEC program under NSF Award Number DMR-1720633 (SuperSEED) for support. 17 with Φ = 0 as a function of (γy/λy, λx/λy). Eq. 2 does not distinguish two different phases that have corner charge and a trivial insulator with no corner charge. This is as expected as in this regime the model has a vanishing quadrupole moment even in the phases with corner charge/modes. [14] (d) Phase diagram for an octupole model [13] with Lx = Ly = Lz = 10 as a function of (γx/λ, γy/λ, γz/λ). The green and purple regions have values of O xyz that differ by e/2 as determined by Eq. 3.
We want to understand the constraints under which the quadrupole and octupole operators are well-defined in the thermodynamic limit, i.e, when they effectively transform in the trivial representation of the translation group. If we consider our insulating system to be large compared to the characteristic size of individual Wannier functions of the occupied bands then we can treat the charge distribution as a collection of point charges located at the Wannier centers that are periodically repeated throughout the crystal lattice [3] . Let us consider our system to be a rectangular lattice of classical point charges and focus on the quadrupole moment Q xy associated to the operator
Now let us transform this operator by a translation R = h 1 a xx + h 2 a yŷ where h 1 , h 2 are integers. We find that
where the sum over α runs over all the electrons in a single unit cell and ν is the electron filling.
Ultimately we want this operator to be invariant under any lattice translation of all the electrons, and the strongest constraints arise from taking h 1 , h 2 to be the smallest non-zero integers, e.g., h 1 = h 2 = 1. For this choice we find the constraint choose ν = 2Z and the x and y components of the dipole moment per unit cell must be integer multiples of a x , a y respectively. We can relax the constraint of ν being integer valued if we modify our starting operator Eq. 18 according to a prescription analogous to that presented in Ref. 16 , but in that case we will still require ν = 2Q. While we have derived these constraints assuming the charge distribution is point-like we expect this result to apply to more complicated distributions in the thermodynamic limit where the system size is much larger than the spatial extent of the Wannier functions that compose our insulating ground state. The coordinatesx α ,ȳ α will then be associated to the centers of the Wannier functions in each unit cell.
We can repeat this calculation for the octupole moment, e.g, O xyz , and translating by a vector R = a xx + a yŷ + a zẑ . We find the constraint that the dipole and quadrupole moments per unit cell must be integer valued as well as the constraint exp 2πiν(N x + 1)(N y + 1)(N z + 1) 4 = 1.
In order for this constraint to be satisfied independently of the system size we thus need ν = 4Z for the octupole moment.
Calculation for alternative quadrupole model
In this section we perform a calculation of the quadrupole moment in a 2D version of the chiral hingeinsulator model presented in Ref. 17 . The Bloch Hamiltonian we consider is
where
When ∆ = 0 this model has both C 4 and timereversal symmetry T, and is a model representing a 2D time-reversal invariant topological insulator with helical edge states when, e.g., 0 < m < 2. When ∆ = 0 the system breaks both C 4 and T but preserves the product C 4 T. The non-vanishing ∆ acts to gap the helical edge states and generate corner modes in an open square geometry that respects global C 4 symmetry. Thus we expect to find an ill-defined quadrupole moment when ∆ = 0, and a non-vanishing topological quadrupole moment Q xy = e/2 when 0 < m < 2, ∆ = 0. When m < 0, ∆ = 0 we expect to find a well-defined, but vanishing quadrupole moment. We show the calculated phase diagram as a function of m and ∆ in Fig. 3 . We note that we look at a range of ∆ that is small enough not to destroy the bulk topology and we see that our operator correctly reproduces the phase diagram.
